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Abstract. In this paper, we give a concrete description of the higher homotopy groups (n > 0) of the mapping 
i space Map dgA | gfc (R, S) for Ft and S unbounded differential graded algebras (DGA) over a field k. In the connective 

T~H , case, and for any square zero extension R ffi M of R we describe the relation between the higher negative derivation 

groups Der^" (R, M) and higher homotopy groups 7r n Map d M (R, R © M), when n > 1. These two groups differ 
by the (negative) Hochschild cohomology HH fc nJr (R). 

S3: 

^ | Introduction 

Our work is based on the recent paper 0]. Given a (symmetric) monoidal model category (C, ®) and a compatible 
,— | ■ model structure on the category of monoids C® (with underlying weak equivalences and fibrations of C) . Suppose 
f-H , that we have a Dwyer-Kan model structure on the category of small C-enriched categories Catc (weak equivalences 
' are homotopy enriched fully faithful and homotopy essentially surjective functors). The main idea is that the 
mapping spaces Map of these three model structure are closely related under some assumptions (six Axioms ((2])) 
described in [H section 3] . Our paper is a concrete application of this idea in the setting, where 

• C is the symmetric monoidal category of unbounded differential graded modules (DG modules for 
short) over a field fc [7]. 

• C® is the model category of unbounded DG fc-algebras [TT] . 

• Catc is the model category of (small) DG categories, often simply denoted by dg-Cat 13 . 
The restriction to a field fc is important in order to prove the six Axioms. However, we think that some of our 
results can be extended to any commutative ground ring. 

Before going to our main point, we illustrate the previous idea in the topological setting when C = Top. There is 
\Q ', a well known fiber sequence (Cf. [Hp. 6]) for given topological groups G and H, which is 

rn ! map^BH, BG) -> m&p(BH, BG) -> BG, (0.1) 

, where BG and BH are the classifying spaces of G and H. Notice that if G and H are discrete groups, then 
— « ' 7Tomap(i3 H , BG) = Rep G (£f) is the set of equivalence classes of representations of H in G. The interpretation in 
the categorical setting is as follows. Let Cat-r p be the model category of small topological categories [3J, where 
weak equivalences are Dwyer-Kan equivalences. Denote by Top® the model category of topological monoids. The 
. previous fiber sequence (|0.1[) has a model-categorical translation in terms of mapping spaces: 

Map Top «(tf, G) -> Map CatTop (H, G) -> Map CatTop (*, G), (0.2) 

where G (resp. H) is the topological category with one object and endomorphism monoid G (resp B). Here, we 
had supposed that G and B are topological groups, but the fiber sequence (|0.2[) (not (|0.1[) ) is still valid for all 
topological monoids. 

Our goal in this paper is the construction of fiber sequence (10. 2|) in the unbounded differential 
graded setting (Cf. 13. 3j) . namely 

MaPdgAig, (R, S) -> Ma Pdg _ Cat (R, S) -> Ma P(lff _ Cat (k, S). 
Notations 

In what follows, all model structures are defined by taking homology isomorphisms for weak equivalences and 
degree- wise surjections for fibrations. 

• k is a fixed field of any characteristic. 

• dgMod fc the stable symmetric monoidal closed model category of differential graded fc-modules. Our 
convention is the cohomological gradation i.e., the differentials increase the degree by +1. 

• The (derived when necessary) tensor product over k of differential graded fc-modules is denoted by <g>. 
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• dgAlg fc is the model category of unbounded differential graded fc-algebras [TT] i.e., the category of monoids 
in dgMod fe . 

• dgAlg^ (differential graded i?-algebras) is the model category of graded differential fc-algebras under a 
fixed graded differential fc-algebra R, i.e., objects are morphisms R — > A in dgAlg fe . 

• dgAlg^g. is the model category of graded differential fc-algebras under a fixed graded differential fc algebras 
R and S i.e. objects are pairs of morphisms R — > A, S — > A in dgAlg,,. 

• For any differential graded fc-algebras R and S we denote by dgMod fi _ s the stable model category of 
differential graded R — S-bimodules. 

• We denote the derived mapping space of a model category by Map. 

• The n-th homology group of a differential graded fc- algebra R is denoted by H n R 

• The suspension functor £ : dgMod^ — >• dgMod fl is defined as follows (SM)„ = M n+ i. Obviously, this 
functor has an inverse denoted by 

• Let R £ dgAlg fe , we denote the derived category of R by D R which is the homotopy category of DG 
i?-modules, i.e., Ho(dgMod H ). For more details Cf. [7]. 

0.1. Ext functor and Hochschild cohomology. In this paragraph, we recall a well known translation between 
notions defined in Algebraic Geometry and Algebraic Topology. We use the same conventions as in [B]. Let 
R £ dgAlg fe , and M, N £ dgMod^. In the stable model category of dgMod^ 0H] and for n £ Z, 

Ext^(iV, M) ~ D R (N,E n M) 

~ Ho(dgMod H ) (iV,£ n M) 
~ 7r Ma PdgModR (iV,E"M). 

Remark 0.1. Our gradation is same as in 8 and opposite to the one used in [7]. 

Recall that the model category dgMod fl is naturally pointed, and the functor is the loop functor. Therefore, 
it follows by pj Lemma 6.1.2], that for any n > there is a homotopy equivalence of pointed simplicial sets, where 
the base point * is the zero morphism, 

Map dgModR (M,5r"AT)* ~ fi"Ma PdgModn (M,iV),. 

For n > 0, we have the following group isomorphisms: 

Ext^JV.M) ~ 7r Map dgModfl (JV,S-«M) 

~ 7r Ma PdgModfl (iV,S-™M), 

~ 7r„Map dgModR (iV,M)„. 

Remark 0.2. If R is a fc-algebra and M, N are any two i?-modules, Ext^(M, N) = for n < (Cf. [H]). 

Definition 0.3. Let R £ dgAlg fc and let M be a DG iZ-bimodulc. The Hochschild cohomology of R with coefficient 
in M is defined for all n G Z, by 

\ml{R,M) ~ Ext n mRop (R,M) 

~ ^oMap dgModHR (i?,S n M). 

If M = R, we denote the Hochschild cohomology of R with coefficient in R simply by HH£ (R) . 

Remark 0.4. The correct definition for the Hochschild cohomology HH^(i?, M) is Ext R ^ Rop (R, M), but we took 
the liberty to denote the derived tensor product as an ordinary tensor product! 

Remark 0.5. For any DG i?-module N, we recall that (Cf. [5]) 

7r„Ma PdgModR CR,A0* ^ D fl (i?,ir n iV) ~ K~ n (N). 

Remark 0.6. When the homotopy groups are computed without mentioning the base point, it will mean that the 
base point is the null morphism. 

For any DG algebra R and any i?-bimodule M, the usual definition of the Hochschild cohomology is given by 
HH* k (R,M) = R*Rom mR a P (R,M) (e.g. [31 3.14]), where Kom mR o P (R, -) : dgMod fl _ fl dgMod fc , is the right 
(derived) functor having a left (derived) adjoint denoted by R®—. If n > 0, applying [4J Theorem 2.12], we obtain 
the following group isomorphisms 

H.~ n Rom mR o P (R,M) ~ 7r„Map dgModfc (fc, iLom R ® R o P (i?, M)) 

- 7r nMa PdgModjj _ jj (i?,M) 

- Ext^ (R,M). 

Remark 0.7. In order to be clear, by derived functor of Hom^jjop (R, M) we mean the right derived functor 
RHomfl® R o„ (R,M), 



1. Main results 

We start by fixing a morphism <fi : R — > S in dgAlg fc . Our main result concerns the higher homotopy groups of 
the mapping space 

7r n Map dgA | gfc (i?, S)^ := [R,S\® for n > 1. 

We give an explicit long exact sequence relating these higher homotopy groups with ITS' and (negative) Hochschild 
cohomology HH£ (R, S). Moreover, we study the case 

7riMa P<teAtefc (ii,Ji) M := [R,R]f. 

Definition 1.1. A morphsim <j> : R — > S in dgAlg fc is called R-extension, if S = R © S in dgMod^^j, and <j> is 
the evident inclusion of DG i?-algebras. 

Theorem A (cf. 153]) 
Let R in dgAlg fe . There is an exact sequence of groups 

► H-^iJ) -> [R,R]f -> HH°(i?)* -> H°(i2)*, 

w/iere HH°(i?)* and H°(i?)* are ffte groups of units in the rings BH° k (R) andK°{R). 

Theorem B (cf. I3H} 

Lei (j) : R ^ S be an R-extension in dgAlg fc . There is an exact sequence of abelian groups 

H -1 (S) <- HHfc 5) <- S]f <- H" 2 (5) <- HTLT 2 (i?, 5) <- [ij, S]f <- . . . 
where S is seen as an R-bimodule via 4>. 

Lemma C (cf 14.10 

If R is a connective DG k-algebra, R@ M a connective, square-zero extension, with <j> : R — > R@ M the obvious 
inclusion, then for all n > 1 

Der^"(i?, M) © HH^™ +1 (R) ~ 7r„Map dgAlgfc (R, R © M) 4 . 



2. The six axioms 

Recall that k is a field. We verify the six axioms described in [H section 3], for the following categories 
dgMod fc , dgModjj,_ s and dgAlg fc . These axioms will be defined and proved at the same time. 

2.1. Axiom I. [U 3.1] The model structures on dgModg, dgMod fi _ s and dgAlg fc are all compatible in the sense 
that the weak equivalences and fibrations are the underlying weak equivalences and fibrations in dgMod fc . So there 
is nothing to verify. 

2.2. Axiom II. [U 3.2] Let dgMod5j_ s denote the category of pointed DG R — 5-modules X i.e., coming with a 
morphism k — > X in dgMod fc . The second axiom requires the existence of a Quilen adjunction 

dgMod^s 5=> dgAlg K _ 5 (2.1) 

since all the involved categories are locally presentable [HI proposition 3.7] . The forgetful functor U commutes with 
limits and directed colimits, therefore the left adjoint exists by [TJ p. 65]. The existence of a model structure on 
dgModjj_ s . (where weak equivalence and fibrations are underlying weak equivalences and fibrations of dgMod^j_g) 
is guaranteed by Proposition 1.1.8]. Moreover, it is a Quillen adjunction since fibrations and weak equivalences 
are those of the underlying category dgMod fe , by definition. We denote the image of the unit 1 E k — > X also by 
1 G X. Now, we give a concrete description of the functor F. The DG R — S-algebra F(X) is the quotient of the 
free DG /c-algebra 

T(X) = k.l © X © X © X © X® 3 © . . . 

subject to the following relations: 

(1) The differential of 1 is 0. 

(2) For any s € S and any x\ <g> • • • ® Xi-i © x i+1 ■ ■ ■ © x n £ T(X) 

X\ ® • • • © Xi-i © l.S © Xi + \ ■ ■ ■ © X n ~ X\ © • • • © Xi-i.S © X i+ i • • • © X n . 

(3) For any r 6 R and any x\ ® ■ ■ ■ ® © Xj + i • • • © x m G T(X ) 

x\ © • ■ • © © r.l © Xj+i ■ ■ ■ © x m ~ xi © • • ■ © Xj_i © r.a^+i • • • © cc m . 



flecall that the differentials of T(X) are given by (the sign depends on the degree of elements) 

n 

d(xi © • • ■ © Xi © x i+ i ■ ■ ■ <g> x n ) = ^ ± x± <g> • • • ® cfci €3 x,+i • - • (g) x n . 

»=i 

We can define the following morphisms in dgAlg fe by universal property of ^(X) 

• The morphism S — > F(X) take s to l.s. 

• The morphim i? — > F(X) takes r to r.l. 

Lemma 2.1. TTie functor F : dgMod5j_ s — > dgAlg fl _ s is a Ze/t adjoint of the forgetful functor U . 

Proof. In order to prove that F is a left adjoint, we check the universal property i.e., given a morphism / : X — > 
Z7(A) in dgMod^_ s where A G dgAlg^g, there is a unique extension / : F(X) — ► A of DG i? — S-algebras. By 
definition, the element 1 £ I goes to the unit e of A, such that /(r.l) = r.e and /(l.s) = e.s. The equivalence 
class of the tensor element x\ (S> Xi • ■ • ® x n in F(X) is sent by / to f(x\).f{x2) ■ ■ ■ f(x n ). This morphism is well 
defined since / is a map of right DG S'-modules. Thus, x\ % xj ® l.s ® £j+2 ■ ■ - x n and Xi ® . . . Xj.s <g) Xj+2 • • - x n 
have the same image. By analogy, elements of the form x\ ■ ■ • <S>Xi ® r.l <8 a;j+2 ■ • • x n and xi ■ • • ® Xj ® . . . x m 

have the same image by /. Hence, / is uniquely defined. Moreover, any map ~g : F(X) — > A defines, obviously, a 
unique map of DG R — S'-bimodules g : X — > U A. Therefore, there is an isomorphism of sets 

dgMod° _ s (X, UA) ~ dgA\g R _ s (F(X), A). 

□ 

Remark 2.2. Our construction of the functor F was inspired by a topological analogy. The adjunction between the 
category of pointed topological spaces and the category of topological monoids is given by the forgetful functor 
and James's functor as left adjoint, we refer to [§]. 

2.3. Axiom III. [?J 3.4] A distinguished object in dgMod5j_ s is a pointed DG R — S'-bimodule, such that k — > X 
induces an equivalence S ~ k S — > X oi right S'-module. An object A in dgAlg fl _ s is said to be distinguished if 
the map induced by the unit S ~ k (3 S — > A is & weak equivalence. In order to verify the third axiom we have 
to prove that the derived functor of F : dgMod^g — > dgAlg^_ s preserves distinguished objects. Actually, we 
prove that F preserves distinguished objects without assuming that X is cofibrant. By definition we have a 
morphism of DG fc-modules fc — > X, and a natural projection p : T(X) —¥ F(X), which is a degree-wise surjective 
morphism (fibration) in dgMod fe . 

Lemma 2.3. The projection p : T{X) — > F(X) admits a section in the category dgMod fc for any X G dgMod^g. 

Proof. First of all, define the reduced tensor algebra T(X) = X (B X® © . . . , which is an i?-algebra and S*-algebra 
in the same time. The structure maps are defined as follows. 

• R — > T(X) : r M> r.l, where 1 is the basepoint of X, and 

• S->T(X) : s i — ^ l.s. 

By the universal property of F{X), the inclusion map X — > T(X) induces a map of R — 5-algebras g : F(X) — > 
T(X). We have the following commutative diagram in dgMod fe . 

T(X) ( — ^T(X) 




p 

F{X) ^ 

Define a reduced element of F{X) to be an element of the form [x\ ® ■ ■ ■ ® x n ] such that Xi ^ r.l ^ l.s for all 
i G {1, . . . n}. The map h is an inclusion, and the map g : F(X) — > T(X) takes the reduced element [x-y ® • • • ® x n ] 
to Xi ® • • • ® x n , in addition g(l.s) = l.s and g{r.\) = r.l. Obviously g is an inclusion and phg = id. □ 

Corollary 2.4. With the same notation as in \2.3\ denote the n-cycles of a DG module M by Z n {M), then 

Z n (T(X)) = Z n (F(X)) © Z n (Ker(p)). 

Proof. Since T(X) —} F(X) admits a section (Cf. I2.3p . and A; is a field, we have the following direct sum 
decomposition in the category dgMod fe : 

T(X) ~ F(X) © Ker{p). 

Therefore, it follows that Z n (T{X)) = Z n {F{X)) © Z n (Ker(p)). □ 



Lemma 2.5. If k is a field, then the third Axiom is verified. 



Proof. Suppose that f : S ~ k <® S — > X is a weak equivalence of right S-modules. Since we work over a field 
the natural map T(S) — > T(X) is a weak equivalence in dgAlg fe . Moreover, the functor T preserves degree- wise 
surjections. The weak equivalence S — > X can be factored in dgMod fc as a trivial cofibration followed by a trivial 
fibration. 

S' c — s' — ^w. X. 

r 

Recall that all objects in dgMod fc are fibrant, and thus there is a retract r : S — » S i.e., the r o i = ids- We apply 
the functor T again an obtain the following diagram 

T(S) — ^ T(S') -^V- T(X) 



F(X) 

Any cycle a in F(X), can be lifted to a cycle 7 in T(AT) bv 12.41 Since j» is a trivial fibration, we can lift 7 to 
a cycle /3 in T(5 ). The element i*r*(/3) differs from /? by a boundary i.e., i*r*(/3) — /3 = d(#) for some element 
G T(S'). By compatibility 

pj*i*r*(f3) -pj«(J)) = d pj*(9) 

and by definition of /3: 

pj*«*r»(/3) - a = d pj*{6). 

So, we deduce that any cycle (modulo a boundary) in F(X) comes from an element of T(S). In order to compute 
the homology of F(X) it is enough to consider a linear combination of elements of the form l.si ® • ■ • ® l.s„ such 
that l.s, G l.S*, for all i G {1, . . . , n}. According to the relations imposed in F(X) we have, 

l.Si ® • • • ® l.S n = I.S1S2 • • • s n = l.s. 

It means that the homology of F(X) is computed by considering only linear combination of cycles of type l.s and 
the differential d which can be identified to the image of differential d of S. Finally, the induced morphism of DG 
right 5-modules S — > F(X) is a homology isomorphism. Hence, F preserves distinguished objects. 

□ 

2.4. Axiom IV, V and VI. [H 3.5, 3.6, 3.8] These axioms are easy to verify. For the fourth Axiom, it is enough 
to take R cofibrant in dgAlg fc , while the fifth Axiom holds if S is cofibrant in dgMod^, which is trivial since k is 
cofibrant in dgMod fe . The last Axiom requires that the two maps defined below are weak equivalences. 

• We need k c ® S — > k <g> S to be an equivalence of right S'-modules, where k c is some cofibrant replacement 
of k in dgMod fe . This is satisfied, since we can take k c = k. 

• For any map R — > S in dgAlg fe , let R c be a cofibrant replacement of R in the category of DG iZ-bimodules. 
The map R° ®r S — > R ®r S — S is a weak equivalence of R — S- modules (in dgMod fc in fact). In order to 
prove the statement, we use the a concrete model for the cofibrant replacement R c , which is given by the 
Bar construction B(R). Since R is cofibrant as DG i?-module, then by [5] Proposition 7.5], the natural 
map B(R,R,S) — > R <g>i? S ~ S is a weak equivalence in dgMod fl _ s . On the other hand, B(R,R,S) is 
naturally isomorphic to B(R) ®r S. We conclude that the morphism R c Cg># S — > S is an equivalence of 
DG R — S-bimodules. 

3. The Mapping Space 

3.1. The fundamental group of Map dgA | gfc [R, R)id- We denote the category of DG categories by dg — Cat, the 
existence of model structure a la Dwyer-Kan, was initially proved in [13] . In |14) , Toen gives a complete description 
of the mapping space of dg-categories. If R is a cofibrant dg-category and S any dg-category, the mapping space 
Map dg _ Cat (R, S) is described as the nerve of the category of right quasi-representable R <8> S op -dg-functors [HI 
Definition 4.1]. In the particular case where R and S have just one object with the underlying DG algebras R and 
S , then the right quasi-representable R <8> S op -dg-functors, are exactly, the R — S'-bimodules which are (zig-zag) 
equivalent to S as right 5-module. In 0] p. 15], such S — i?-bimodules are called potentially distinguished modules. 
The nerve of the category of potentially distinguished modules is denoted by M.r,s and if R = k we denote it 
simply by M-s- Notice that if R is cofibrant in dgAlg fc then R is cofibrant in dg — Cat. We summarize the previous 
discussion in the following Lemma. 

Lemma 3.1. The moduli space Mr^s *s equivalent to Map rfg _ Cat (R, S) and A4s is equivalent to Map dg _ Cat (k, S), 
where R (resp. S and k) is the dg-categorie with one object an the underlying endomorphim DG algebra R (resp. 
S and k). 



Proof. It is a direct consequence of the computation of the mapping space in the model category of (small) DG 
categories dg — cateories Cf. [TH Theorem 4.2] and [H section 1.13]. □ 

Remark 3.2. [Base points] If <$> : R — >■ S is a morphism of DG algebras, the moduli space is pointed at 

the object S which is a canonical distinguished object equivalent to S as a right S'-module and has a structure of 
R — S'-bimodule via <fi. The corresponding base point of Map dg _ Cat (R, S) is the morphism 0. By the same way, 
the moduli space Ms is also pointed at the object S, and the corresponding base point of Map dff _ Cat (k, S) is the 
unit morphism k — > S. Finally, the base point of the space Map dgA!gfc (R, S) is the morphism 4>. 

Now, we are ready to introduce the Dwyer-Hess fundamental Theorems [U Theorem 3.10 and 3.11] in the 
context of dgAlg fc . 

Theorem 3.3. Let ■ R — > S be a morphism of DG algebras. There exists a pointed 13. 2\) fiber sequence 

Map dgA | gfc (R, S% M B .,s -> M s , 

or equivalently, the fiber sequence 

Ma PdgAi gfc (R, S)d, -> Map dg _ Cat (R, S) -> Map ds _ Cat (k, S). 

Proof. Since the categories dgMod fe , dgAlg fe and dgMod H _ s verify the six Axioms Hence, there is a fiber 
sequence Map dgA | g (R, S)<p — > Mr.s — > Ms by [H Theorem 3.10]. For the second fiber sequence, we apply Lemma 

EZD □ 

Theorem 3.4. Let v : k — > S be the unit. The loop of the fiber sequence 
Map dgA | gfc (i?, S)$ — ► Mr,s Ms is equivalent to 

fiMap dgA | gfc (R, S) -> Map dgModR _ R (i?, S) ->• Map dgModfc (/c, S)„. 
Proof. It is a consequence of the six Axioms ([5]) and [U Theorem 3.11]. □ 
Theorem 3.5. Let R be in dgAlg^,, we have the following theorem then there is an exact sequence of groups 

► H-^iJ) -> [i?,i?]f -> HH°(i?)* -> H°(i2)*. 

where HH^(i?)* is i/ie group of units o/HH^(i?) and H°(i?)* is the group of the units of the ring H°(i?). 
Proof. By Theorem 13.31 we have the fiber sequence 

Ma PdgAlg fc -R)id M aPd ff -Cat( R ; R )irf Ma Pd ff -Cat( k > R )<- 

Therefore, applying the long exact sequence of homotopy groups (starting at level one), we obtain 
7i"iMap d9 _ Cat (k, R)„ 4- 7riMap dg _ Cat (R, R) id <- [R, R]f <- 7r 2 Map d9 _ Cat (k, R) id . . . 

By [TH Corollary 8.3], we have that 7TiMap ds _ Cat (R, R) ld ~ BH° k (R)* and by O corollary 4.10] we have that 
7riMap d9 _ Cat (A:, R)„~ E°(R)*. ' □ 

Corollary 3.6. Let R be a connective DG algebra, then 

^Ma PdgAlgfc (i?,i?) id ~ Ker[RB° k (R)* -> H°(i?)*]. 

Proof. The isomorphism is a formal consequence of Theorem 13 . 5 1 since H _1 (i?) = 0. □ 
Corollary 3.7. For any integer i > 1, there is two group isomorphisms 

TrMw dgModR _ R (R,R) ld ^ HHp(iJ) 
^Ma PdgModfe (/c,i?)^H- l (i?). 

Proof. By Theorem 13.41 and Lemma 13.11 

ftMa P(ig _ Cat (R, R) ld ~ Map dgModB R (E, i?) jd 

and 

0M ap dg -c a t( k > R )^ ~ M aPdgMod fc 

Hence, 

TiMap dfl _ Cat (R, R) ld ~ 7r i+ iMap dgModR _ R (i?, R) ld . 
By [141 Corollary 8.3], there is a group isomorphism: 

^Ma Pdg _ Cat (R, R) ld ~ HH^i?) for i > 1. 
The second isomorphism is a formal consequence of [TU Corollary 4.10]. □ 



3.2. Higher Homotopy Groups of Map dgA!g (R, S)$. In this section, we use the notion of i?-extension (c£ 
II. ip . The basic problem is the interpretation of homotopy groups of the space Map dgModR r (R, S)<p. Actually, It 
depends on our choice of the base point <f>. When <p is an i?-extension, these higher homotopy groups are related 
to the (negative) Hochshild cohomology. 

Theorem 3.8. For any R-extension morphism <f> : R —} S (Cf. there is a long exact sequence of abelian 

groups 

BT l {S) <r- HH A T 1 (i?, S) <- [R, S]f <- R- 2 (S) <- HH^ 2 (i?, S) <- [R, S]f «- . . . 
where S is seen as an R-bimodule via <j>- 

Proof. Let v : k — » S be the unit morphism. We loop the previous fiber sequence of 13.41 and obtain a new fiber 
sequence 

ft 2 Ma PdgA | gfc (i?, S*) -> nM&p dgModR R {R, S% -> ttMa,p dgModk (k, S) u , 

The derived functor Map dgModfl ~) commutes with homotopy limits. Therefore, it commutes with products 

(x or equivalently ©) since all objects in dgMod Jf _ i? are fibrant. Obviously, the loop functor ft commutes with 
fiber products (it is a right adjoint), and by assumption cf> is an i?-extension, we obtain an equivalence of simplicial 
sets: 

nMap dgModR R (Ji ) 5)0 ~ nMap dgModR R (R,R) id x nMap dgModR _ R (#, S)*. 

By Corollary O 

7r i nMap dgMods _ H (i2 > iZ) w ~ BR^(R) for i > 0, 
^OMa PdgModfc (fc, S) v ~ H- x - 4 (5) for i > 0. 

and by Definition 10.31 

7 r i fiMap dgModR _ R (i? ! 5)„ ~ HH^-^S) for i > 0. 

The additive property of the Hochschild cohomology implies the existence of a natural group isomorphism 
HHfe 1_i (i2,5) © HH^ 1_i (i?) = HH^ (#,£). Now, we apply the Serre long exact sequence and obtain the 
desired result. 

□ 

Corollary 3.9. If <f> : R — » S is a R-extension (Cf. \1.1\) morphism of DG k-algebras such that S is connective, 
then 

HHpCR, S) ~ [R, S]f +1 for all i > 0. 

Proof. Since S is connective, i.e., H n (5') = for all negative integers. According to the long exact sequence in 13.81 
[R, S]f +1 ~ HH,7 l (i?, S) for all i > 0. □ 

Definition 3.10. Let R be a fc-algebra, and let S l S dgAlg fc , such that 5q = R, S_i = Rx — R and S n — 
otherwise, with a; 2 = and zero differentials. 

Remark 3.11. The DG algebra S 1 ' is the cohomology ring H*(S z ,i?) of the ^-dimensional topological sphere. 

Corollary 3.12. Let R be a k-algebra, I > 2, and let </> : R — > S l the obvious inclusion of DG algebras, then 
[R,S l ]f ~ HH z fc _1 (Ji) (positive degree). 

Proof. By additivity of the Hochschild cohomology, 

HH" 1 ^, 5) ~ HH^i?, i?) © HHfe \R, Rx), 

but HH s ; 1 (i?, i?) = 0, and 

EH^(R,Rx) ~ ^ Ma PdgModHR (i?,E- 1 i 1 'x) 
~ 7roMap dgModB _ R (i? ) E i - 1 J R) 

On the other hand, H^S) ~ H~ 2 (S) = 0. Therefore, by Theorem GOO 

□ 



4. Applications 



4.1. Derivations. We make a connection with the theory of derivations of DG fc-algebras. Let R be in dgAlg fe 
and M a DG i?-bimodule. We define a new DG i?-algebra R © M, called a square zero extension as follows. It is 
the DG algebras whose underlying complex is R © M and whose DG algebra structure is the obvious one induced 
from the trivial multiplication on M, i.e., m.m = for any m, m £ M. The map (j) : R —± R © M is the obvious 
map of DG i?-algebras. In [3], the authors use the inverse gradation, i.e., the differentials are of degree -1. 
According to the long exact sequence described in [3} 3.14] and their notations, if M is coconnective then, 

Der^"(i?, M) ~ HfLT n+1 (.R, M) for n > 1. (4.1) 

But with our gradation and notation if M is connective then Der~ n (R, M) ~ HHr n+ (i2, M) for all n > 1, 

and we have the following lemma 

Lemma 4.1. If R is a connective DG k-algebra, i? © M is a connective square-zero extension graded differential 
R-bimodule, and 4> : R — >• i? © M the obvious inclusion, then for all n > 1 

Der^ "(i?, M) © HH^ n+1 (i?, fl) ~ 7r n Map dgAlg(i {R, R © M) . 

Proof. It is a consequence of 13.91 14.11 and the fact that the Hochschild cohomology is additive. □ 

4.2. Commutative DG algebras. Let k = Q or any field of characteristic 0. The model category of commutative 
differential unbounded fc-algebras is denoted by dgCAIg fe equipped with the induced model structure, i.e., weak 
equivalences are isomorphisms in homology (Cf. [151 section 2.3.1]) and fibrations are degree-wise surjective 
morphisms. There is a Quillen adjunction 

Ab 

dgAlg fc 5=± dgCAIg fc , 

where Ab is called the abelianization functor. If R E dgAlg fe is cofibrant and S G dgCAIg fc , then by [H Theorem 
2.12], there is a homotopy equivalence of simplicial sets 

Ma PdgCAIgfc (Ab(R), S) ~ Ma PdgAlgfc (R, S). (4.2) 

Let S € dgCAIg fe , and let <f> : R — > S be a morphism of DG algebras, then it induces a morphism (j> : Ab(R) — > S 
in dgCAIg fc . 

Corollary 4.2. Let R be a cofibrant DG algebra, and let S be a connective commutative DG algebra. Assume that 
<fi : R —> S is an R-extension (Cf. \1.1\) . Then, there is an isomorphism of abelian groups 

7r 4 Ma PdgCAIgfc (Ab(R), % ~ HH^OR, 5), i > 1. 

Proof. It is a formal consequence of 13.91 and the fact that Map dgCA | gfc (Ab(R), S)^ ~ Map dgA | gfc (R, S)# by 14.21 □ 

Remark 4.3. By the Eckmann-Hilton argument, the category dgCAIg fc is the category of monoids in the monoidal 
category (dgAlg fc , ©) (Cf.[TUl Section 4]). It is tempting to apply Dwyer-Hess fundamental theorem for dgCAIg fc in 
order to compute Map dgCA | gfc (R, S) for any commutative DG algebras R and S. The problem is the Axiom III (Cf. 
12. 3|) . which is not verified in general for dgCAIg fc , otherwise it would mean that for any commutative DG algebra 
R, the natural map Ab(R c ) — > R is a weak equivalence in dgCAIg fe (where, R c is a cofibrant replacement of R in 
dgAlg fc ). An easy example, due to Lurie, is the free commutative algebra in two variables R = Q[x, y]. The cofibrant 
replacement of R is the free associative DG algebra R c in three variables x, y, z such that deg(x) = deg(y) = 
and dz — xy — yx. if S is any commutative DG algebra, by simple computation, we obtain 7ToMap dgCA | g (i?, S) ~ 
H°(S*) © H°(S), but 7r Map dgA | gfc {R C ,S) ~ H°(5) © R°{S) © R-^S). We conclude that Ab(R c ) -> R "is not an 
equivalence in general. 

4.3. Conclusion. It is natural to ask the following questions: 

Question 1: Are Theorems 13.51 and 13.81 still true if we replace the ground field fc by any commutative ring or if we 
replace k by any commutative DG algebra Al 

Question 2: What is the correct formulation of Theorems 13.51 and 13.81 in the setting of the stable monoidal model 
category of symmetric spectra Sp and the associated category of ring spactra Sp®? 

Acknowledgement: I'm grateful to Kathryn Hess for helpful discussions and pointing out some inconsistencies 
and imprecisions in the earlier version. I would like to thank Oriol Raventos for explaining the sign conventions 
in the derived categories. 
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